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The a s y m p t o t i c  b e h a v i o r  of solut ions  of  pa rabo l i c  equat ions  at  infinite t imes  has  been  inves -  
t iga ted  for  va r ious  c a s e s  [1-6].  Two ini t ia l  boundary-va lue  p r o b l e m s  a r e  cons ide red  in this 
paper ,  The so lu t ion  of the t h e r m a l  conduct iv i ty  equat ion with a nonl inear  r ight -hand side is 
found, including a l so  non l inea r  boundary  condi t ions .  It  is shown that  the solut ion of  the c o r -  
r e spond ing  p r o b l e m  tends e i t he r  to a s tab le ,  s t e a d y - s t a t e  solut ion,  o r  to a pe r iod ic  solut ion,  
depending on the ini t ial  va lues  of  the funct ions and cons tan ts  appea r ing  in the condi t ions  of 
the p r o b l e m .  Othe r  pape r s  [7, 8] a r e  devoted to finding the per iod ic  solut ions  of  these  two 
p r o b l e m s  e nc oun t e r e d  in h y d r o d y n a m i c s  (diffusion, underg round  h y d r o d y n a m i c s ) ,  and to 
s tudying  the a s y m p t o t i c  b e h a v i o r  of  the c o r r e s p o n d i n g  ini t ial  boundary  p r o b l e m s .  

1. Cons ide r  the ini t ia l  boundary-va lue  p r o b l e m  in the in t e rva l  0 < x < l 

Ou ~ 02u 
-8-E = a ~ -  @ F (u) 

c fo~ u ( x  ~  

F ( u ) =  (u . .<u . ,  c>0,  d>0)  
- - d  for u (x  ~ t) ~ u * *  

u (O, t) ----- O, u ( l , t ) = O ,  u(x,O)=q~(x) 

(1.1) 

Here, x ~ is some internal point of the interval 0 < x < I. 

It is easily seen that the equation and boundary conditions (1.1) are satisfied by the steady-state so- 
lution 

(1.2) 
(l  - -  z )  v (x) = ~ x 

d x ( l  - -  x )  zo (x) = - -  
(1.3) 

An inves t iga t ion  by the s m a l l  pe r tu rba t ion  method r evea l s  that  these  s t e a d y - s t a t e  solut ions  a re  un- 
s tab le .  

Le t  us a s s u m e  for  def in i teness  that  fo r  ~(x ~ < u .  F(u) = e, and that  fo r  ~0(x ~ > u .  F(u) = - d .  Up to 
some  t ime the solut ion of  p r o b l e m  (1.1) is d e s c r i b e d  by the e x p r e s s i o n s  

u 1 (x, t) --- ~ {Cn exp (-- ~,~2t) - -  czcn [1 - -  exp (-- ~2t)l } sin .~nz l 
n - ~ l  

co 

2 . ~ I n x  u. 2 (x, t) = ~ {Dn exp (--  Xn~t) -t- dan [t - -  exp (-- ~,, t)]} s m  ~- 

( 1 . 4 )  

( 1 . 5 )  
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Fig. 1 

Equation (1.4) holds for  ~(x ~ < u . ,  and (1.5) for ~(x ~ > u . .  

H e r e ,  as  in [1], we introduce the notation 

Fig. 2 

g a n  2l 2 [( -- 1) n -- 1] 
k n  = T ' a n  "~ a2n3na (n = 1, 2 . . . .  ) 

(1.6) 

where  C n and Dn a re  Four ie r  coefficients  of the function ~(x), a s sumed  to sa t i s fy  the Dir ichle t  condition 

1 

2 f ~nx Cn = D~ -- -y- r (x) sin -77- d x  

0 

(i .7) 

It is easy  to ver i fy  that  for  t ime t tending to infinity the solution ut (x, t), de te rmined  by Eq. (1.4), 
tends to v(x) and the solution u2(x, t) (1.5) to w(x). Thus, if  (p(x ~ < v(x ~ < u . ,  then for infinite t ime t the so-  
lution (1.4) tends to the s t eady- s t a t e  solution v(x). Similar ly ,  i f  ~0(x ~ > u .  and w(x ~ > u * * ,  (1.5) tends to the 
s t eady-s t a t e  solution w(x). It can be seen  that  one of four  si tuations occurs  concerning the behav io r  of 
the solution of p rob lem (1.1), deperlding on the re f lec t ions  between the quanti t ies u . ,  u** ,  v(xo), and w(x~ 

Examples  of the behavior  of u(x ~ t) for  these cases  a re  r e p r e s e n t e d  in Figs.  1-4,  respect ively~ 

1) u**<w(x ~ v(x ~  

If q~(x~ - < u , ,  the solution is desc r ibed  by Eq. (1.4). For  t ~ ,  ut(x, t ) ~ v ( x ) ,  i .e . ,  the solution tends 
to the s t eady- s t a t e  solution (1.2) (Fig. 1, curve 1) (in the viscous  case ,  if  ~(x ~ < v(x~ 

If ~(x ~ > u , ,  the solution is  descr ibed  by Eq. (1.5). For  t ~ ,  u2(x, t )~w(x) ,  i .e . ,  the solution tends 
to the s t eady- s t a t e  solution (1.3) (Fig. 1, curve  2). 

2) w(x ~ < u**<  v(x ~ < u , .  

For  ~(x ~ < u . ,  the solution is desc r ibed  by Eq~ (1.4). For  t ~ ,  ul(x, t) ~ v ( x )  (Fig. 2, curve 3). 

If ~(x ~ > u , ,  the solution is  descr ibed  by Eq. (1.5) [u2(x, t)] up to t ime t = T1, when u2(x ~ T 1) = u**.  
Start ing a t  t ime t = TI, the solution is descr ibed  by Eq. (1.4) [ul (x, t)], in which t mus t  be rep laced  by t -T1 ,  
and C n a re  the Four ie r  coefficients  of the function u2(x, Tl), where  u2(x, t) is given by (1.5). For  t ~ ,  
ul(x, t ) ~ v ( x )  (Fig. 2, curve 4). 

3) u** < w(x  ~ < u ,  < v(x~ 

If ~(x ~ < u . ,  the solution is descr ibed  by Eq. (1.4) [ul(x, t)] up to t ime t = TI, when u2(x ~ TI) = u**.  
Start ing a t  T1, the solution is descr ibed  by (1.5) [u2(x, t)], where t mus t  be rep laced  by t - T 1 ,  and D n a re  
the Four i e r  coefficients  of the functionul(x,  T1)- For  t ~ ,  u2(x, t) ~w(x)  (Fig. 3, curve 5). 

If r  ~ > u , ,  the solution is desc r ibed  by Eq. (1.5) [u2(x, t)]. For  t ~ ~  u2(x, t) ~w(x)  (Fig. 3 , c u r v e 6 ) .  

Two m o r e  si tuat ions,  s i m i l a r  to those descr ibed  above,  a re  st i l l  poss ible .  

4) w(x  ~ < u** < u ,  < v(x~ 

368 



u 8 

Fig.  3 

If ~(x ~ < u , ,  the solut ion is d e s c r i b e d  by Eq. (1.4) until t = T1, 
when ul(x ~ TI) = u . ,  then,  by Eq. {1.5) u n t i l t = T 2 , w h e n  u2(x ~ T 2) = 
u** ,  and so forth.  Consequent ly ,  the solut ion has an  o s c i l l a t o r y  na-  
tu re .  Under  some  r e s t r i c t i o n s  i t  was  shown [7] that  fo r  w(x ~ < u** < 
u ,  < v(x ~ this solut ion tends to a pe r iod ic  solut ion (Fig. 4, curve  7). 

Fo r  e (x  ~ > u , ,  the solut ion has aga in  an  o s c i l l a t o r y  na tu re ,  
d e s c r i b e d  by  Eq. (1.5), then, by Eq. (1.4), and b e c o m i n g  per iod ic  fo r  
infinite t ime (Fig. 4, cu rve  8). 

Thus,  for  infinite t the solut ion of  the init ial  boundary-va lue  
p r o b l e m  tends e i t he r  to one of the two s table ,  s t e a d y - s t a t e  so lu t ion  
o r  the pe r iod ic  so lu t ion  found e a r l i e r  [7]. Consequent ly ,  a s table 
r eg ion  o c c u r s  where  s e l f - o s c i l l a t i o n s  a r e  exc i ted .  

Pe r iod ic  solut ions  of Rayleigh s y s t e m s  with va r ious  p a r a m e t e r  
d i s t r ibu t ions  were  c o n s i d e r e d  in [9, 10]. 

2. Cons ide r  now ano the r  ini t ial  boundary-va lue  p r o b l e m  in the 
i n t e rva l  - l  < x < 0 

U' -u(zftJ Ou 2 0~u 

o,, (--l, t) F[u (-- l, t)l, u (0, t) = 0, u (x, 0) = ~ (x) (2.1) 
Ox ~- 

Here ,  F(u) is a th ree -va lued  S - shaped  funct ion 

h u §  for u ~ u .  

F (u) = I (u) for u** < u < u ,  
( u . > u . . ,  q2>ql ,  h ~ O )  

hu + q~ for u /~  u** 

(2.2) 

Fig. 4 where  f(u)  is a cont inuous funct ion with a negative de r iva t ive  f ' ( u )  < 0, 
so tha t  f(0)  = 0, f ( u . )  = h u .  + q l ,  f (u**)  = hu**+  q2" (Here,  and in 
what  fol lows,  the p r ime  denotes  dif ferent ia t ion.)  

The p r o b l e m  (2.1), (2.2) has  the fol lowing s t e a d y - s t a t e  so lu t ion:  

u-~--0, u = A i x  (u.,~--Ail~u,, ,  i = i ,  2,...) (2.3) 

v (x) = qlx / (1 + hO (2.4) 

w (x) = q~z / (t  + h0  (2.5) 

A i is the roo t  of the equat ion 

Ai = ] ( - - A i l )  

It is  e a s y  to see  that  the s t e a d y - s t a t e  solut ions  (2.4) and (2.5) a r e  s table .  

The s t e a d y - s t a t e  so lu t ion  (2.3) c o r r e s p o n d s  to the b r anch  F(u) = f (u ) .  As in the case  u - 0 [11], the 
solut ion u = Aix is s tab le ,  if  the i n e q u a l i t y - - l f ' ( - A i l )  < 1 is sa t i s f ied ,  and is uns table ,  if  - l f ' ( - -A i l )  > 1~ Due 
to (2.1), (2.2) the s tudy of ins tab i l i ty  of  the s t e a d y - s t a t e  solut ion u = Aix is r educed  to looking for  a pertur- 
bation u '  = (• t) of  the f o r m  e;~nt~n(X) and to solving the equat ion  

a ~  " (x) = ~ (x) (2.6) 

with boundary conditions 

, j  ( -z)  = / '  ( -  A~Z) ,,~ (--Z), *n (0) = 0 (2.7) 

so as to determine the function r Equation (2.6) and the second of conditions (2.7) are satisfied by the 
functions Cn(X) = sin COnX and r = sh ~2x. In the first case,'we obtain from (2.6) and (2.7), the following 
equations for the quantities Wn and An: 
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tg (0~l --- 

and, in the second  case ,  we have 

con k ~  = - -  a % ) n  ~ (n = 1, 2 . . . .  ) ( 2 . 8 )  
]' ( - -  A J )  ' 

th g}l = 0 k = a~fl 2 (2.9) 
1' ( -- A~Z) ' 

Thus ,  in the f i r s t  case  the inequal i ty  k n <  0 (stable solution) is sa t i s f ied ,  and in the second  case ,  the 
inequal i ty  X > 0 (unstable solut ion) .  It is  c l e a r  f r o m  the f i r s t  equal i ty  of  (2.9) tha t  ins tab i l i ty  o c c u r s  for  

- -  l]' ( - -  A ~l) > t (2.10) 

In pa r t i cu l a r ,  for  the s t e a d y - s t a t e  solut ion u = 0, which holds for  any funct ion f(u) with the p r o p e r t i e s  
d e s c r i b e d  above.  The s tabi l i ty  and ins tabi l i ty  condi t ions  acqui re  the f o r m  

- zl'  (0) < t ,  - zl' (0) > 1 (2.11) 

We tu rn  now to the case  when s,  the number  of roo t s  of the equat ion A = f ( - A / ) ,  is finite,  while 
- l f ' ( - A i l )  r 1 (i = 1, 2 . . . . .  s).  Fo r  def in i teness  le t  the following inequal i t ies  be sa t i s f i ed :  

u**  ~ A l l <  - -  A ~ l  ~ . . .  ~ - -  A ~ _ i l  ~ - -  A~ l  < u .  

Stable s t e a d y - s t a t e  so lu t ions  wil l  then a l t e rna te  with unstable  ones .  Le t  the s t e a d y - s t a t e  solut ion 
u = Aix be unstable .  In tha t  c a se ,  u = Ai - lx  and u = Ai+lx  a r e  s table .  As was  done for  the case  u -= 0 [11], 
the nonl inear  in tegra l  equat ion to which the ini t ial  boundary-va lue  p r o b l e m  (2.1), (2.2) is r educed ,  with the 
r e p l a c e m e n t  F(u) = f (u ) ,  can  be c o m p a r e d  with the c o r r e s p o n d i n g  l i nea r  in t eg ra l  equat ion,  fo r  which F(u) = 
Ai_/-1  (u + All). 

I t  appea r s  tha t  if - A i - l l  < q~(-l) < --Ail, then,  for  t - ~ 1 7 6  the solut ion of  the nonl inear  p rob l em tends 
to Ai- lx .  If --All < ~p(--l) < - A i +  1 l, t h e  solut ion tends to Ai+ix.  If the s t e a d y - s t a t e  solut ion u = Asx, and 
if - A s /  < (p(--l) < u , ,  the solut ion Of the p rob l em tends to Asx.  S imi l a r ly ,  if  u = Aix, and if u**< r  < 
- A l l ,  the solut ion tends to Aix. If the s t e a d y - s t a t e  solut ion Asx is unstable ,  and if - A s /  < q~(-l) < u , ,  the 
funct ion u ( - / ,  t) r e a c h e s  the value u ,  a t  a finite in te rva l  T1. S imi la r ly ,  if  the s t e a d y - s t a t e  solut ion u = Aix 
is  unstable ,  then,  fo r  u** < ~p(-l) < --All, the function u ( - / ,  t) r e a c h e s  the value u** a t  t ime T1. S tar t ing  
f r o m  this mome n t ,  the funct ion F(u) appea r ing  in the boundary  condi t ion a c q u i r e s  e i the r  the value h u +  ql, 
o r  hu + q2. The b r a n c h  F(u) = f(u)  should not be cons ide red  now. The solut ion of  the p rob l em (2.1), (2.2) is 
d e s c r i b e d  by the e x p r e s s i o n s  

ul (x,  t )  q'~ ~, = 1--i--~7~_ hl + C~exp(- -  k~2t)sinob~x (2.12) 

u ~ ( x ,  t) = q~z , ~  -F ~, D~ exp (-- ~2t) sin ~r (2.13) 

whe re  ),n a r e  the roo t s  of the equat ion 

( " ) (2.14) a ' =  ah :in= 7 ,  ' n = i , 2  . . . .  

Ca and D n a r e  the F o u r i e r  coef f ic ien ts  of the funct ions ~(x) : -q lx / (1  + hl) and r  + hl), r e s p e c t i v e l y ,  
[8]. In Eqs .  (2.12), (2.13), the ini t ia l  m o m e n t  of  t ime t = 0 should be taken as t = T 1 ,  and the init ial  funct ion 
~(x) as  the funct ion u(x, TI). Here ,  u(x, t) is the solut ion of the p r o b l e m  (2.1), (2.2) fo r  the b r anch  F(u) = 
f (u) .  If - -As/<  ~(-- l)  < u , ,  Eq. (2.13) is used,  and if  u**< q?(-l)  < - A l l ,  Eq. (2.12) is used.  

If the b r a n c h e s  F(u) = hu + qi (j = 1, 2) a re  c o n s i d e r e d  as functions of F(u), we a s s u m e  again for  def-  
in i teness  that  fo r  ~ ( - l ) <  u , ,  t he ' so lu t ion  (2.12) holds ,  and fo r  ~v(-l) > u .  so lu t ion  {2.13) holds .  

As in the f i r s t  p rob l em,  i l  ~ ( - l )  < v ( - / )  < u , ,  then for  t ~ ' % u l ( x , t ) ~ v ( x ) ;  if ~ ( - l )  > u .  and w( - / )  > 
u** ,  then for  t ~ ,  u2(x, t) ~ w ( x ) .  Thus,  putting x ~ = - - l ,  for  t ~ : r  we note that  the solut ion of  p rob l e m 
(2.1), (2.2) e i t he r  tends to one of the s table ,  s t e a d y - s t a t e  solut ions  (2.3), o r  a l l  poss ib le  shapes  of the so lu-  
t ion of p r o b l e m  (1.1), d e s c r i b e d  in the prev ious  sec t ions  (Figs .  1-4) ,  a re  c o n s e r v e d  for  this p rob lem.  The 
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osc i l l a to ry  solution e a r l i e r  obtained [8] is r e p r e s e n t e d  in Fig. 4, and it  is seen  that under some conditions 
i t  tends to a per iodic  solution. 

The solution of the second p rob lem thus a lso  tends e i ther  to one of the s t eady- s t a t e  solutions (2.3)- 
(2.5), o r  to a per iodic  solution. 
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